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ABSTRAK 

Makalah ini menyajikan proses rancang bangun sistem kendali pendulum terbalik 
dengan menggunakan metode LQR. Model sistem diperoleh dengan melakukan 
analisis free body diagram dari sistem pendulum terbalik kemudian setelah 
diperoleh model sistem dilanjutkan dengan membuat persamaan ruang keadaan 
yang selanjutnya digunakan untuk sistem kendali LQR di mana energi yang 
digunakan dapat diatur sesuai dengan kebutuhan. Digunakan 10 skenario untuk 
mendapatkan kriteria perancangan yang diinginkan. Penentuan skenario yang 
tepat dapat dilakukan dengan simulasi MATLAB sehingga dapat dilihat tanggapan 
sistem dengan menentukan koefisien matriks Q dan matriks R yang tepat. Melalui 
beberapa pengujian dapat ditunjukkan bahwa untuk menjaga pendulum tetap 
stabil diperlukan pengaturan energi yang tepat.   

Kata kunci: LQR, MATLAB, pendulum terbalik, variabel keadaan  

ABSTRACT 

This paper presents the design process of an inverted pendulum control system 
using the LQR method. The system model is obtained by analyzing the free body 
diagram of the inverted pendulum system, then after obtaining the system model, 
proceed with creating a state space equation which is then used for the LQR control 
system where the energy used can be adjusted according to needs. 10 scenarios 
were used to obtain the desired design criteria. Determining the right scenario can 
be done using MATLAB simulation so that the system response can be seen by 
determining the correct Q matrix and R matrix coefficients. Through several tests 
it can be shown that to keep the pendulum stable it requires proper energy 
settings. 

Keywords: LQR, MATLAB, inverted pendulum, state-variable
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1. INTRODUCTION 

The utilization of the inverted pendulum on a cart serves as a valuable platform for researchers 
to assess various control strategies within the realm of control systems, as highlighted by 
Banerjee and Pal (Banerjee & Pal, 2018) and Owais et al. (Owais et al., 2019). 
Contemporary technologies frequently leverage the inverted pendulum concept, exemplified 
by its use in controlling the orientation of a space booster during take-off to maintain a vertical 
position, as discussed by Ogata (Ogata, 2010), Vijayalakshmi et al. (Vijayalakshmi et al., 
2013), and Strakoš & Tůma (Strakoš & Tůma, 2017). Due to its characteristics as a fast, 
multi-variable, and inherently unstable open-loop, high-order nonlinear system, controlling the 
inverted pendulum system requires robust measures for stability, as emphasized by Shuang 
and Jian (Shuang & Jian, 2014). Additionally, the IPBD robot developed by Fahmizal et al. 
in 2019 adopts the system model of an inverted pendulum, showcasing another application of 
this approach (Fahmizal et al., 2019).  

Balancing an inverted pendulum primarily involves three approaches: a) applying torque at the 
pivot point, b) horizontally moving the cart, and c) rapidly oscillating the support up and down, 
as outlined by Parvathy and Daniel (Parvathy & Daniel, 2015). In this scenario, the system 
features a single input—the force applied to the cart—and two outputs—the position of the 
cart and the angle of the pendulum (Parvathy & Daniel, 2015). 

Implementing classical control theory on complex systems poses challenges, whereas modern 
control theory is characterized by its ease of application, simplicity, and time efficiency 
compared to artificial intelligent control theory, as noted by Singh and Singla (Singh & Singla, 
2017). An example of modern control theory is the Linear Quadratic Regulator (LQR) 
controller. Hence, in addressing the cart pendulum problem discussed in this article, the 
preference is given to the LQR Controller as a representative of modern control theory.  

LQR stands out as an optimal control approach with successful applications across various 
systems and the primary challenge in designing an LQR controller lies in the selection of 
controller parameters, where the chosen values must minimize a performance index. And also 
a fundamental application of control theory involves the DC motor, and the LQR controller is 
recognized as a method for effectively regulating its speed and position (Erkol, 2018). 

In this article we study in depth the influence of variations in the coefficients of the R matrix 
regarding the energy required to handle friction problems. We study the process of designing 
and implementing an LQR control system that begins with an inverted pendulum system 
analysis, preparation of vector matrix equations, LQR control design by determining the gain 
K which is done with MATLAB based on selecting a Q matrix and R matrix with a state matrix. 
Furthermore, the value of the gain K is simulated in MATLAB and implemented into a real-time 
system with the main controller Arduino Mega 2560. Two different scenarios but almost same 
, namely scenario 9 and scenario 10 have been selected to be tested on the real time system. 
The testing results show that the energy factor gives big effect in controlling the inverted 
pendulum system. This means that big energy can make the system to be responsive. The 
other important thing is viscous friction of the mechanical system build that contributes to 
bigger energy consume. So neglecting that parameter can make the system to have a problem.  

This article is organized into four sections. Next is the methodology section which consists of 
system modeling and analysis, discussion of the design of the Linear Quadratic Regulator 
(LQR) and it explains about simulation taken that using MATLAB which uses two different 
scenarios so that the response of the system to the initial condition can be seen. The second 
section includes the implementation of physical devices and control algorithm. In the third 
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section  the results and discussion of test is carried out. Finally, the fourth section is the 
conclusion of this research. 

2. METHOD 

2.1 System Modeling and Analysis 
The cart inverted pendulum comprises a pendulum connected to a cart through a shaft, trailing 
along a horizontal track by means of a DC motor. The motor, controlled by the back-and-forth 
movement, governs the position and velocity of the cart within a limited rail length, as 
described by Borkar (Borkar, 2017). This inverted pendulum falls into the category of 
underactuated mechanical systems, meaning it cannot be directed to follow arbitrary 
trajectories. With fewer inputs than the total degree of freedom (DOF), it possesses two DOFs: 
one for the horizontal motion of the cart and another for the pendulum's angular motion in 
the vertical plane. However, only the cart position is actively manipulated, indirectly influencing 
or controlling the pendulum, as articulated by Valluru (Valluru, 2018). 

To examine the inverted pendulum system on the cart, the initial stage involves inspecting the 
free-body diagram of the inverted pendulum system, as depicted in Figure 1 below. 

 
Figure 1. Free-Body Diagram of the Inverted Pendulum System 

Establish the angle of the rod from the vertical line as θ. Additionally, designate the coordinates 
of the center of gravity of the pendulum rod as(𝑥ீ , 𝑦ீ). Consequently, 

𝑥ீ = 𝑥 + 𝑙 𝑠𝑖𝑛 𝜃          𝑦ீ = 𝑙 cos 𝜃 

The rotational movement of the pendulum rod around its center of gravity can be expressed 
as : 

𝐼𝜃̈ = 𝑉 𝑙 sin 𝜃 − 𝐻 𝑙 cos 𝜃     (1) 

where I represents the moment of inertia of the rod about its center of gravity, as indicated 
by (Ogata, 2010). The movement of the center of gravity of the pendulum rod in the 
horizontal direction is expressed as : 

𝑚
ௗమ

ௗ௧మ 
(𝑥 + 𝑙 sin 𝜃) = 𝐻    (2) 

The upward and downward movement of the center of gravity of the pendulum rod is 
described as : 

𝑚
ௗమ

ௗ௧మ 
(𝑙 cos 𝜃) = 𝑉 − 𝑚𝑔     (3) 
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The movement of the cart in the horizontal direction is delineated by (Ogata, 2010) : 

𝑀
ௗమ௫

ௗ௧మ = 𝑢 − 𝐻          (4) 

To maintain the vertical position of the inverted pendulum, it is reasonable to consider 𝜃(𝑡) 
and 𝜃̇(𝑡)  as small values, leading to approximations such as sin 𝜃 ≑ 𝜃, cos 𝜃 = 1, 𝜃𝜃̇ଶ = 0. 
Subsequently, Equations (1) through (3) can be linearized, resulting in the following linearized 
equations : 

𝐼𝜃̈ = 𝑉𝑙𝜃 − 𝐻𝑙      (5) 

𝑚൫𝑥̈ + 𝑙𝜃̈൯ = 𝐻      (6) 

0 = 𝑉 − 𝑚𝑔      (7) 

𝑀𝑥̈ = 𝑢 − 𝐻      (8) 

From Equations (6) and (8), we obtain : 

(𝑀 + 𝑚)𝑥̈ + 𝑚𝑙𝜃̈ = 𝑢     (9) 

From Equations (5), (6), and (7), we have : 

𝐼𝜃̈ = 𝑚𝑔𝑙𝜃 − 𝐻𝑙 = 𝑚𝑔𝑙𝜃 − 𝑙(𝑚𝑥̈ + 𝑚𝑙𝜃̈) 

or 

(𝐼 + 𝑚𝑙ଶ)𝜃̈ + 𝑚𝑙𝑥̈ = 𝑚𝑔𝑙𝜃    (10) 

Equations (9) and (10) depict the dynamics of the inverted-pendulum-on-the-cart system, 
serving as a mathematical representation of the system (Ogata, 2010). 

As the mass in this system is concentrated at the upper end of the rod, the center of gravity 
coincides with the center of the pendulum ball. In this scenario, the moment of inertia of the 
pendulum around its center of gravity is negligible, allowing us to assume I=0 in Equation 
(10). Consequently, the mathematical model for this system is simplified as follows : 

(𝑀 + 𝑚)𝑥̈ + 𝑚𝑙𝜃̈ = 𝑢     (11) 

𝑚𝑙ଶ𝜃̈ + 𝑚𝑙𝑥̈ = 𝑚𝑔𝑙𝜃     (12) 

Equations (11) and (12) can be modified to 

𝑀𝑙𝜃̈ = (𝑀 + 𝑚)𝑔𝜃 − 𝑢    (13) 

𝑀𝑥̈ = 𝑢 − 𝑚𝑔𝜃     (14) 

From Equation (13) we obtain  

𝜃̈ =
(ெା௠)௚ఏି௨

ெ௟
     (15) 

and from Equation (14) we obtain 

𝑥̈ =
௨ି௠௚ఏ

ெ
      (16) 

Define state variables 𝑥ଵ , 𝑥ଶ , 𝑥ଷ , and 𝑥ସ by 
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𝑥ଵ = 𝜃        𝑥ଶ = 𝜃̇          𝑥ଷ = 𝑥        𝑥ସ = 𝑥̇ 

Please observe that the angle 𝜃 represents the rotation of the pendulum rod around point P, 
while 𝑥 denotes the position of the cart. If we regard u and 𝑥 as the system outputs, then 

𝐲 = ቂ
yଵ

yଶ
ቃ = ቂ

𝜃
𝑥

ቃ = ቂ
𝑥ଵ

𝑥ଷ
ቃ 

Therefore, by applying the definition of the state variables along with Equations (13) and (14), 
we derive : 

𝑥̇ଵ = 𝑥ଶ        𝑥̇ଶ =
ெା௠

ெ௟
𝑔𝑥ଵ −

ଵ

ெ௟
𝑢      𝑥̇ଷ = 𝑥ସ         𝑥̇ସ = −

௠

ெ
𝑔𝑥ଵ +

ଵ

ெ
𝑢 

Expressed in vector-matrix equations, we can formulate : 

൦

𝑥̇ଵ

𝑥̇ଶ

𝑥̇ଷ

𝑥̇ସ

൪ =  

⎣
⎢
⎢
⎢
⎡

0 1 0 0
ெା௠

ெ௟
𝑔 0 0 0

0

−
௠

ெ
𝑔

0
0

0 1
0 0⎦

⎥
⎥
⎥
⎤

቎

𝑥ଵ

𝑥ଶ
𝑥ଷ

𝑥ସ

቏ +

⎣
⎢
⎢
⎢
⎡

0

−
ଵ

ெ௟

0
ଵ

ெ
 ⎦

⎥
⎥
⎥
⎤

𝑢   (17) 

ቂ
𝑦ଵ

𝑦ଶ
ቃ = ቂ

1 0 0 0
0 0 1 0

ቃ ቎

𝑥ଵ

𝑥ଶ
𝑥ଷ

𝑥ସ

቏    (18) 

Equations (17) and (18) provide a state-space representation of the inverted-pendulum system 
(Ogata, 2010). 

Table 1. System Parameters 

Symbol Description Value Unit 
𝑀 Cart mass 0,465 Kg 

𝑚 Pendulum mass 0,09 Kg 
𝑙 Rod length 0,45 M 
𝑔 Gravity acceleration 9,81 m

sଶൗ  

 

By replacing the specified parameter values for 𝑀, 𝑚, 𝑙  and, then 

ெା௠

ெ௟
𝑔 =

଴,ସ଺ହା଴,଴ଽ

଴,ସ଺ହ×଴,ସହ
9,81 = 26 ,                  − ௠

ெ
𝑔 = −

଴,଴ଽ

଴,ସ଺ହ
9,81 = −1,9       

   − ଵ

ெ௟
= −

ଵ

଴,ସ଺ହ×଴,ସହ
= −4,78                     ଵ

ெ
=

ଵ

଴,ସ଺ହ
= 2,15 

Using these numeric values, Equations (17) and (18) can be rewritten as 

𝐱̇ = 𝐀𝐱 + 𝐁𝐮    𝐲 = 𝐂𝐱 

where 

𝐀 = ൦

0 1 0 0
26 0 0 0
0

−1,9
0
0

0 1
0 0

൪, 𝐁 = ൦

0
−4,78

0
2,15

൪, 𝐂 = ቂ
1 0 0 0
0 0 1 0

ቃ  (19) 
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The controllability matrix's rank, denoted as 𝑄௖ = [𝐵  𝐴𝐵  𝐴ଶ𝐵  𝐴ଷ𝐵] is 4, indicating that the linear 
mathematical model of the cart pendulum system is fully controllable. 

2.2  Linear Qudratic Regulator 
The optimal control problem of the following system equations : 

𝐱̇ = 𝐀𝐱 + 𝐁𝐮       (20) 

is to ascertain the matrix K for the optimal control vector : 

𝐮(𝑡) = −𝐊𝐱(𝑡)      (21) 

To minimize the performance index J, it is expressed as : 

𝐽 = ∫ (𝐱∗𝐐𝐱 + 𝐮∗𝐑𝐮)
ஶ

଴
𝑑𝑡     (22) 

In the optimization process, the performance index 𝐽 is minimized, as indicated by the 
equation, where 𝐐 and 𝐑 represent weight matrices. 𝐐 should be a positive definite or positive 
semi-definite symmetric matrix, and 𝐑 must be a positive definite symmetric matrix. The 
weighting matrices are preferred to be diagonal matrices. The values of the elements in the 
weighting matrices are crucial as they influence the impact on the performance index J, as 
discussed by Banerjee and Pal (Banerjee & Pal, 2018). The second term on the right-hand 
side of Equation (22) assesses the energy of the control signal. The matrices 𝐐 and 𝐑 play a 
role in determining both the error and the energy expenditure, as emphasized by Ogata 
(Ogata, 2010) and Kuo (Kuo, 1975). As depicted in Equation (21), representing the optimal 
control law, it follows that determining the unknown elements of the K matrix to minimize the 
performance index results in the optimality of 𝐮(𝑡) = −𝐊𝐱(𝑡)  for the initial state 𝐱(0) 
(Ogata, 2010). 𝐊 is expressed as : 

𝐊 = 𝐑ିଵ𝐁∗𝐏     (23) 

The matrix 𝐏 can be acquired by solving the algebraic Riccati equation, as outlined by Ogata 
(Ogata, 2010), Valluru et al. (Valluru et al., 2018) and Prakash et al. (Prakash et al., 
2016) : 

𝐀∗𝐏 + 𝐏𝐀 − 𝐏𝐁𝐑ିଵ𝐁∗𝐏 + 𝐐 = 𝟎    (24) 

The diagram illustrating the optimal configuration is presented in the Figure below. 

 
Figure 2. Block Diagram of LQR Control (Ogata, 2010) 

There are certain limitations that are maintained in preparing this system model. These 
constraints entail that the cart should not travel a distance exceeding 0.17 meters from its 
initial position but this provision does not apply to the assembled hardware system because 
the maximum linear speed of a DC motor is around 13.6 cm per second assuming a pulley 
radius of 6.5 mm . So the maximum distance for cart movement is limited to below 13.6 cm. 

2.3 Simulation 
To be able to see the state of the system, we have to display it in graphical form. By using the 
MATLAB application and program, responses to initial conditions can be observed. Here we set 
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𝐐 = ቎

1 0 0 0
0 1 0 0
0
0

0
0

1 0
0 1

቏ ,    𝐑 = [1]  and  we set the initial condition of theta to 0.17. 

With MATLAB lqr command the gain K=[ -17.8518   -3.7585   -1.0000   -1.8787] is obtained 
and plot it. 

 
 

Figure 3. Response to Initial Condition 

The graphic display can be seen as in Figure 3 where in general the movement of this system 
is in accordance with the system model created but the movement of the cart (position) is still 
far from the specified maximum limit, namely 0.136 m (13.6 cm), therefore the correct Q 
matrix and R matrix coefficients must be selected.  

The control signal display can be seen in Figure 5 where the signal is displayed with the help 
of Simulink with a configuration as in Figure 4 below. 

 
F 

igure 4. Block Diagram of Simulink 

It can be seen from the picture that the u signal given by this system has a maximum value 
of 3 so the response is not fast and setting the R matrix is needed for additional energy or 
control signals. 
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Figure 5. Control Signal 

The following is a table of several scenarios that are carried out to meet system requirements. 
This data can be obtained by using the MATLAB lqr calculation program. 

Table 2. Variation of Several Scenarios 

No R Diagonal Q Gain K( K1 K2 K3 K4) 
1 [1] [1 1 1 1] -17.8498    -3.7582    -1.0000    -1.8786 
2 [1] [1 1 10 1] -22.4656    -4.7208    -3.1623    -3.4603 
3 [1] [1 1 10 10] -28.8207    -6.0599    -3.1623    -5.0071 
4 [1] [1 1 10 100] -55.8710    -11.8161   -3.1623   -11.5113 
5 [1] [10 1 10 100] -55.9741    -11.8206   -3.1623   -11.5142 
6 [1] [100 1 10 100] -56.9914    -11.8654   -3.1623   -11.5426 
7 [0.1] [100 1 10 100] -157.0445  -32.9050  -10.0000   -36.1811 
8 [0.01] [100 1 10 100] -473.7205  -99.4837   -31.6228  -114.1008 
9 [0.001] [100 1 10 100] -1475.2     -310.0      -100.0     -360.5 
10 [0.0001] [100 1 10 100] -4642.4     -975.9      -316.2     -1139.7 

A comparison graph of several scenarios was obtained as in Figure 6 below. From the picture 
it can be seen that in scenario 1, the cart movement is at a maximum of 30 cm, which is still 
far from system requirements. Next, scenario 2 changes the matrix coefficient 𝑄ଷଷto 10, which 
results in a change in cart movement to a maximum of 21.9 cm, but this situation does not 
meet the system boundary requirements, so scenario 3 is carried out, namely changing 𝑄ସସ to 
10, which results in cart movement to a maximum of 19.5 cm. This result still does not meet 
the requirements, so scenario 4 is carried out, namely changing 𝑄ସସ to 100 which results in a 
maximum cart movement of 16 cm. This situation still does not meet the system design criteria. 
Next, changes to the coefficients were made in scenario 5 and scenario 6 but this had no effect 
on the position of the cart as shown in Figure 6. 

Next treatment is scenario 7 to adjust the R matrix coefficient from 1 to 0.1 which results in 
the cart movement reaching the limit of 14.2 cm but the system criteria have not been achieved 
so scenario 8 is carried out where the R matrix coefficient from 0.1 is changed to 0.01 which 
causes the cart position to move to a maximum of 13.7 cm but still does not meet the system 
criteria. Next, scenario 9 is carried out which changes the matrix coefficient R from 0.01 to 
0.001 which causes the movement of the cart to reach a maximum of 13.5 cm. This condition 
meets the requirements of the system criteria, but to provide more information, an additional 
scenario is added, namely to scenario10, where at this stage the R matrix coefficient is changed 
from 0.001 to 0.0001 which causes cart movement to reach a maximum of 13.4 cm which is  
safe enough situation to exceed the system criteria. 
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Figure 6. Variation of Cart Position 

The following is a comparison of simulation of the use of the control signal in scenario 9 and 
scenario 10 which is a critical condition of the system as can be seen in Figure 7.(a) and (b). 
It can be seen that the control signal has a maximum value of 250 in scenario 9 and in scenario 
10 it has a value of almost 800 where the signal is in the form of an impulse. 

 
(a)                                                           (b) 

Figure 7. (a) Control Signal of Scenario 9. (b) Control Signal of Scenario 10. 

The control signal is obtained from Simulink by sending it to the MATLAB workspace as shown 
in the Simulink block diagram above, then the data is compiled for analysis. Here the author 
displays the control signal as an indicator of energy use in the system.  

2.4 Implementation 
In a physical device, the motor's position and the rod's angle can be measured using an 
incremental rotary encoder, with velocities computed as derivatives, as mentioned by zjor 
(zjor, 2019). To stabilize the pendulum, a calculated force needs to be applied, as discussed 
in a previous section. However, the control signal generated by the Arduino corresponds to 
the width of the PWM signal, essentially representing the voltage applied to the DC motor, 
according to zjor (zjor, 2019). The block diagram of the system is shown in Figure 8 and the 
wiring diagram of the entire real-time system is illustrated in Figure 9(a) below. The actual 
inverted pendulum system employed in this study comprises a linear motion guide equipped 
with a bearing block at the top, as depicted in Figure 9(b). The hardware setup involves a cart 
moving along the linear motion guide axis. The pendulum is connected to an incremental 
rotary encoder via a coupling shaft. To stabilize the pendulum at the unstable equilibrium 
point, a 12-volt DC motor is utilized alongside a dual H bridge L298N (Owais et al., 2019). 
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Figure 8.  Block Diagram of Inverted Pendulum Control System  

 
(a)                                                           (b) 

Figure 9. (a) Wiring Diagram. (b) Real-Time System of Inverted Pendulum 

The following is a table of physical devices 

Table 3. Physical Components 

No Component 
1 Arduino Mega 2560 
2 Aluminium rod with Rubber  
3 Linear motion guide with bearing block 
4 Dual H Bridge L298N 
5 Incremental rotary encoder OMRON E6B2 CWZ6C 2000 ppr 
6 Incremental rotary encoder 360 ppr 
7 DC Motor 12 V 200 rpm 
8 Belt GT2 6 mm 
9 Aluminium timing pulley  6 mm width 20 Teeth 

 
To implement the control algorithm we have developed an Arduino program from zjor (zjor, 
2019) with some modifications due to physical specifications. To display the numerical values 
from the real-time system, we use ExcelDataStreamer so the parameter values can be 
analyzed. The following is the flowchart of Arduino program  which consists of  initialization, 
verify the state, measure and calculate all parameters,  activation of LQR control, providing 
signals to the motor drive and looping.  
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Figure 10. Flowchart of Arduino Program  

3. RESULTS AND DISCUSSION 

3.1 System Testing 
For testing purposes, two different types of parameters are used which at the design or 
simulation stage have been determined for testing, namely: 

1. Scenario 9 with Q = [100 0 0 0;0 1 0 0;0 0 10 0;0 0 0 100] R = [0.001] (Critical 
condition) 

2. Scenario 10 with Q = [100 0 0 0;0 1 0 0;0 0 10 0;0 0 0 100] R = [0.0001] (Accepted 
condition) 

In the two scenarios above, graphical analysis has met the system requirements criteria but 
there are two tests carried out because the author wanted to know the similarities and 
differences between the two. The differences in parameters are: 

1. Scenario 9 uses energy worth 250 and the movement of the cart is below 13.6 cm. 
2. Scenario 10 uses energy worth 800 and the same movement is below 13.6 cm. 

The testing consists of two tests where test 1 uses parameters in scenario 9 and test 2 uses 
parameters in scenario 10. In test 1 the pendulum is moved by hand through the right side 
(positive) because the pendulum angle designation (calibration) is positive, this is done to 
avoid calculation errors in the initial condition. The result is that physically, the control system 
can stabilize the pendulum but can not last long. More energy is needed to keep the pendulum 
stable. It is clear because we do not include viscous friction in calculation. The graph of the 
test result can be seen in Figure 11 below, the pendulum to fall in the 5th second after the 
pendulum was successfully erected as shown at blue color.  

From the Table 4 it can be seen that theta show around zeros of radian from time 17:34.4 to 
17.37.5, this means that pendulum is stable and then theta goes to -0.8071(rad) at 17.38.5 
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and goes to -1.0137(rad) at 17.39.1 but in this moment the cart is not responsive or less 
energy to balancing it so the pendulum is falling down. 

 

Figure 11.  State Result of Test 1. 

In contrast to the results of test 1, in test 2 the condition of the pendulum was still standing 
upright as seen in Figure 12(a) and theta was around zero radians as seen in Figure 12(b) 
which shows that the control system can work well. It is clear that more energy can keep the 
pendulum stable. 

Table 4. Numerical Values of State of Test 1 

Time Theta (rad) 
Theta-

dot(rad/s) 
Position(m) 

Cart 
Velocity(m/s) 

17:34.4 0.0118 -0.1452 0.0037 0 

17:34.5 0.0094 0 0.0018 -0.031 

17:35.5 0.0008 0 -0.0062 -0.0156 

17:36.5 0.0016 0.1436 -0.0395 -0.0726 

17:37.5 0.0079 0 -0.1081 -0.0675 

17:38.5 -0.8071 -0.3536 -0.0317 -0.0359 

17:39.1 -1.0137 -0.3610 -0.0336 -0.0380 

17:39.3 3.0434 1.4785 -0.0822 0.0534 
 

 

(a)                                                 (b) 

Figure 12. (a)Physical Result of Test 2 (b) The State of Test 2 
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3.2 Disturbances Testing 
Disturbance testing is carried out by applying an external torque to the pendulum which aims 
to disturb the balance of the pendulum. In the first test we found the pendulum remained 
stable even though external torque was added. It can be seen in Table 5 that when external 
torque is added to the right side at 40:03.0 the theta-dot changes to 0.1438 from a stable 
condition but the cart can balance the pendulum well. The graphical state can be shown in 
Figure 13(a) otherwise the cart cannot balance the pendulum as illustrated in Figure 13(b). 
 
 Table 5 State of First Disturbance Test  

Time 
Theta 
(rad) 

Theta-dot 
(rad/sec) 

Position (m) 
Cart velocity 

(m/sec) 
40:02.2 0.0016 0 -0.0004 0 
40:03.0 0.0016 0.1438 -0.0038 -0.0571 
40:03.5 0.0016 0 -0.0128 -0.0208 
40:03.7 0.0031 0 -0.0162 -0.0312 
40:03.8 0.0031 -0.144 -0.0185 -0.0104 
40:04.0 0.0016 0 -0.0198 -0.0104 

 
In the second disturbance test the external torque was added to the pendulum in the left side 
as shown in Figure 13(b). 

 
(a) 

 
(b) 

Figure 13. (a) Stable System (b) System to Fail 
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From the disturbance test, there is no difference in the direction of the right and left sides, but 
the speed of the cart is the main obstacle so that the pendulum can not balance if external 
torque is added. 

4. CONCLUSION 

The simulation indicates that the role of the Q and R matrices is to govern the stabilization 
process of the inverted pendulum. By increasing the coefficients of the diagonal Q matrix, the 
response conditions (theta, theta-dot, position and cart velocity) are reduced in this case if the 
coefficients of the diagonal matrix 𝑄ଷଷhas a value of 10 and 𝑄ସସ has a value of 100, so the 
movement of the cart is reduced to 16 cm. Meanwhile, by reducing the R matrix coefficient, 
in this case the value [0.0001], the energy usage becomes greater, up to a value of 800, which 
causes the cart velocity to increase. By combining the settings of the Q matrix and R matrix, 
a system that has a fast response will be obtained. Finally, from the testing results it can be 
concluded that the friction parameter (viscous friction) which is not included in the calculation 
will have an effect on the physical system so that to overcome it requires greater energy, 
however the LQR control method can control the inverted pendulum well. To get the best 
response, the right DC motor speed and torque are needed.   
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